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Abstract 

We study a generalisation of the family of non-(virtually pro-p) heredi¬ 
tarily just infinite profinite groups introduced by J.S. Wilson in 2010. We 
prove that this family contains groups of finite lower rank. We also show 
that many groups in this family are not topologically finitely presentable. 
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1 Introduction 

Let (mfc)fegN be a sequence of positive integers. Throughout this paper we denote 
by <S a sequence of hnite transitive permutation groups {Sk < Sym{mk))keti such 
that each Sk is non-abelian simple as an abstract group. 

Definition 1. We say that a prohnite group G is just infinite if it is infinite, and 
every non-trivial closed normal subgroup is open. We say G is hereditarily 
just infinite if in addition H is just infinite for every open subgroup H of G. 

In [8l Theorem A] the first example of a family of non-(virtually pro-p) hered¬ 
itarily just infinite profinite groups was introduced: the Wilson groups. Very 
few properties of these groups have been discovered, namely: there exist a Wil¬ 
son group W such that any finitely generated profinite group can be embedded 
in yV (see El); almost every Wilson group is positively two generated (see 0)- 

By[Il Theorem 3] a just infinite profinite group is either a branch group or it 
contains an open subgroup isomorphic to the direct product of a finite number 
of copies of a hereditarily just infinite profinite group. While branch groups 
have been widely studied in past, not much is known for the second class of 
groups. The discovery of new properties of Wilson groups will give great insight 
in the theory of hereditarily just infinite profinite groups. 

In this paper we study a generalisation of Wilson groups that we will call 
generalised Wilson groups. These groups are a special type of infinitely iterated 
wreath products of the groups in S. 

Definition 2. Define the sequence of permutation groups (Sk < Sym(TOfc))fegN 
in the following way: set Si = Si and let S'„+i be the abstract wreath product 
S'n-i-i; Sn with a chosen transitive and faithful action on fhk points. The groups 


1 


Sk form an inverse system of finite groups and we call their inverse limit lim Sk 

an infinitely iterated wreath product of type S. 

We remark that, for a fixed sequence 5, non-equivalent choices for the action 
of Sk in the previous definition lead to non-isomorphic infinitely iterated wreath 
products. 

Definition 3. Let (fcn)neN be an increasing sequence of positive integers. 

A generalised Wilson group of type {S, {kn)n&n) is an infinitely iterated 
wreath product of type S, ^imS'fc, where for n S N the action of Sk„+i = 

Sk^+i I S'fc„ is chosen to be the product action of the wreath product. We will 
write GW group for short. 

An infinitely iterated exponentiation of type S is the infinitely iterated 
wreath product of type S where every unspecified action is the product action. 

Every infinitely iterated exponentiation of type 5 is a GW group of type 
(5, (n)„gN)- Generalised Wilson groups satisfy the hypotheses of |71 Theo¬ 
rem 6.2], hence they are hereditarily just infinite and not virtually pro-p. 

The goal of this paper is to determine the behaviour of two profinite gen¬ 
eration properties in the family of generalised Wilson groups: lower rank and 
profinite presentability. 

In Sectionj^we study the lower rank of an infinitely iterated exponentiation. 

Definition 4. The lower rank of a profinite group G is the minimal integer 
r such that G has a base for the neighbourhoods of the identity consisting of 
r-generated subgroups. 

Only very few profinite groups are known to have finite lower rank, amongst 
them are p-adic analytic pro-p groups and iS'L 2 (®'p[[^]])j thus it is natural to 
search for new examples. Our first result will give a new family of profinite 
groups with finite lower rank. 

For a sequence of integers {mk)keti we write fhi = mi and fhk+i = '^'k+i- 
Let G be a finite group, d(G) will denote the minimal number of generators of 
G. 

Theorem 1. Suppose there is a fixed r € N such that d{S^"'~^) < r for infinitely 
many n £ N. Then the infinitely iterated exponentiation of type S has lower rank 
at most r. 

In Section [3] we work on the topological finite presentability of infinitely 
iterated wreath products (see Section[3]for the definition of finite presentability). 

As a consequence of [SJ Theorem A], any infinitely iterated wreath product 
of type S is 2-generated, provided that mi > 35. It is then natural to ask 
whether infinitely iterated wreath products are finitely presentable. The second 
result of this paper is the following. We denote the Schur multiplier of a finite 
group G by M(G). 

Theorem 2. Suppose that the profinite group nnGN-^('^".) topologically 

finitely generated, then an infinitely iterated wreath product of type S is not 
topologically finitely presentable. 

As a corollary of Theorem [5] we obtain a sufficient condition for the non- 
presentability of a generalised Wilson group. 


2 


Corollary 1. Suppose that the profinite group nTtGN'^('^") topologically 

finitely generated, then a generalised Wilson group of type (<S, {kn)n^n) is not 
topologically finitely presentable. 

2 Proof of Theorem [1] 

In this section we discuss the lower rank of infinitely iterated exponentiations. 
Let G be a finite group, we will write d(G) for the minimal size of a generating 
subset of G. The following lemma is straightforward. 

Lemma 1. Let A < Sym(m) and B < Sym(n) be two permutation groups. 
Then A" is the unique minimal normal subgroup of Al B if and only if A is 
simple and B is transitive. 

If the groups in the sequence S “grow” sufficiently fast then the infinitely 
iterated exponentiation obtained from the sequence has finite lower rank. Re¬ 
member that, for a sequence (mk)keni we write rhi = mi and fhk+i = 

Proof of Theorem QJ Set G = ^nn Sk where the groups Sk are considered all 
with the product action of the wreath product. Consider the subgroups Nk = 
ker(G ^ Sk) for fc G N. It is clear that these subgroups form a base for 
the topology at the identity and, by Lemma [TJ they are the only open normal 
subgroups of G. Moreover, Nk/Nk+i is isomorphic to for every fc > 1. 

By definition of product action and by Lemma [TJ Nk/Nk+i is the unique 
minimal normal subgroup of Ni/Nk+i every fc G N and for every i = 1,..., fc. 
Repeated applications of H Theorem 1.1] yield d(A^fe_i) = d(iVfc_i/iVfe). By 
hypothesis, d(S)f'‘~^) < r for infinitely many k and {A^fc|d(A^fc) < r} is the 
required base of G. □ 

Remark 1. The hypotheses of Theorem A are satisfied, with r = 2, by the 
sequences S = (PSL 2 (p„) < Sym(p„ -|- l))„gN such that PSL 2 (p„) acts on the 
projective line over and (pn)neN is any sequence of primes satisfying 

Pn ^ ^(Pn—1 + l)(p„_i ~ 2p„_i — 1) — 2. 

This follows from the calculation of the Eulerian function for PSL 2 (p) (see [5]). 
In particular, infinitely iterated exponentiations of these sequences have lower 
rank 2. 

We conjecture that there exists a GW group with infinite lower rank. One 
strong candidate for this is the infinitely iterated exponentiation of a constant 
sequence, i.e. = 5” for fc G N. We are also convinced that there are GW 
groups of arbitrary finite lower rank, but a proof of this result has to involve an 
accurate study of the subgroup structure of GW groups. 

Conjecture 1. There exists a generalised Wilson group of lower rank r for 
every r G N U {oo}. 

A positive answer to this conjecture would produce interesting examples as 
the only known family of profinite groups of arbitrary finite lower rank are p- 
adic analytic pro-p groups, where the lower rank coincides with the number of 
generators of the associated p-adic Lie algebra (see 0). 
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3 Proof of Theorem [2] 


Let H he a finite perfect group and fix a surjective homomorphism F ^ H with 
kernel R from an appropriate free group F. The Schur multiplier of F[ is the 
finite group R/\F^R\. Let G be a profinite group, we will write d(G) for the 
minimal size of a subset of G which generates a dense subgroup of G. Let N 
be a closed normal subgroup of G and let 7?. be a subset of N, we say that N is 
topologically normally generated in G by TZ if the G-conjugates of the elements 
of TZ generate a dense subgroup of N. 

Let G be a topologically d-generated profinite group. We can define a con¬ 
tinuous epimorphism F ^ G from the free profinite group F = F^', the kernel 
of this epimorphism is a closed normal subgroup R of F. Let <S be a set of 
topological generators for F and let R be topologically normally generated by a 
subset TZ of R, then these give us a profinite presentation of G and we write 
G = (5172.). We say that a finitely generated profinite group G is topologically 
finitely presentable if there exists a presentation G = {5|72) of G such that 
S and TZ are finite. 

The following lemma is an application of [i Theorem 3]. 

Lemma 2. Suppose that nnGN-^(‘^") topologically finitely generated. 

Then the sequence {d{M{S„)))neti is unbounded. 

Proof. By [51 Theorem 3], if A is a perfect group and 77 is a perfect permutation 
group, then M{AlB) = M{A) x M{B). Therefore M{Sn) = 0^=1 -^(5fc), the 
claim follows. □ 

We now apply Lemma [5] to the proof of Theorem [5] 

Proof of Theorem Let G be a d-generated infinitely iterated wreath product 
of type S. Let F = F^ he the profinite free group of rank d, ip : F ^ G a 
continuous epimorphism, R = ker(^ and let N be an open normal subgroup of 
F. Now, NR is an open normal subgroup of F that contains R, thus F/NR is 
isomorphic to a continuous quotient of G. By Lemma [II the only open normal 
subgroups of G are kernels of the inverse limit projections from G to G„ for 
some integer n. Therefore, any continuous quotient of G is isomorphic, as an 
abstract group, to an iterated wreath product. 

The number of relations of G in the chosen presentation is the (possibly 
infinite) number r(G) of normal generators for 7? as a subgroup of F. The 
quotient 77/[7?, 77] of R is abelian and R/[F, R] is a quotient of the latter, hence 
r{G) > d(7?/[77,7?]) > d(77/[F, 7?]). 

Set M = [7^, NR]. 7?/(Mn7?) is a quotient of 7?/[7^, 77], hence d(77/[F, 77]) > 
d(77/ (Mn77)). 77/ (Mn77) is isomorphic to NR/M and NR/M = NR/[F, NR] 
is the Schur multiplier of an iterated wreath product, as shown in the previous 
paragraph. Therefore r(G) > d(A^77/[F, iV77]). By Lemma |2] and by hypothesis, 
the last quantity is unbounded as N ranges between all open normal subgroups 
of F. Thus G cannot be finitely presentable. □ 

Remark 2. A sequence of finite non-abelian simple groups {Sk)ken such that 
a fixed prime p divides M(5„) for infinitely many n satisfies the hypotheses of 
Theorem|2l Let C be the constant sequence (Alt(36) < Sym(36))fegN, then every 
infinitely iterated wreath product of type C is finitely generated by [^ , but it is 
not finitely presentable by Theorem^] In fact M(Alt(36)) has order two. 
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We believe that no generalised Wilson group is finitely presentable, but we 
do not have a proof of this general statement. 

Conjecture 2. Every generalised Wilson group is not finitely presentable. 
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